The propagation at high Reynolds number of a heavy, axisymmetric gravity current of given initial volume over a horizontal boundary is considered in both rotating and non-rotating situations. The investigation combines experiments with theoretical predictions by both shallow-water approximations and numerical solutions of the full axisymmetric equations. Attention is focused on cases when the initial ratio of Coriolis to inertia forces is small. The experiments were performed by quickly releasing a known cylindrical volume of dense salt water of 2 m diameter at the centre of a circular tank of diameter 13 m containing fresh ambient water of typical depth 80 cm. The propagation of the current was recorded for different initial values of the salt concentration, the volume of released fluid, the ratio of the initial height of the current to the ambient depth, and the rate of rotation. A major feature of the rotating currents was the attainment of a maximum radius of propagation. Thereafter a contraction-relaxation motion of the body of fluid and a regular series of outwardly propagating pulses was observed. The frequency of these pulses is slightly higher than inertial, and the amplitude is of the order of magnitude of half the maximum radius. Theoretical predictions of the corresponding gravity currents were also obtained by (i) previously developed shallow-water approximations (Ungarish & Huppert 1998) and (ii) a specially developed finite-difference code based on the full axisymmetric Navier-Stokes equations. The 'numerical experiments' provided by this code are needed to capture details of the flow field (such as the non-smooth shape of the interface, the vertical dependence of the velocity field) which are not reproduced by the shallow-water model and are very difficult for, or outside the range of, accurate experimental measurement. The comparisons and discussion provide insight into the flow field and indicate the advantages and limitations of the verified simulation tools.
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Introduction
The lateral spread of fluid of one density into fluid of a different density forms an important class of well-known fluid flows termed gravity currents. The driving force behind such flows is provided by the density contrast between the fluids, which may arise through thermal and/or compositional differences, and is a ubiquitous feature of many natural and man-made situations, as reviewed by Simpson (1997) and Huppert (2000) . Since gravity currents play such a fundamental role in the circulation of the atmosphere and hydrosphere over a large range of scales and geometric configurations, their behaviour has been widely investigated by laboratory experiments and a variety of theoretical models. One area of research, of particular relevance to large-scale environmental gravity currents, is the influence of Coriolis forces exerted by the Earth's rotation. On a smaller scale, the deliberate (and generally more rapid) rotation of fluids in certain industrial situations can have either advantageous or detrimental consequences for the desired process, and their design may benefit from an improved understanding of rotation effects.
The present paper concentrates on the axisymmetric spreading of dense currents over a rigid, horizontal floor, and deals specifically with how the behaviour of such flows is modified by the effects of rotation. This work forms a direct extension to the theoretical description of the same system using inviscid shallow-water equations presented by Ungarish & Huppert (1998, hereafter referred to as UH), to which the reader is referred for a more comprehensive introduction.
The new material presented here includes the results of a series of laboratory experiments and theoretical predictions based on finite-difference numerical solutions of the full axisymmetric equations, both of which are compared with the previously obtained results using the shallow-water approximation.
The system under consideration is depicted schematically in figure 1. A layer of ambient fluid, of constant density ρ a , above a solid horizontal surface at z = 0, is in solid body rotation with angular velocity Ω about a vertical axis of symmetry z. At time t = 0, a fixed volume of co-rotating denser fluid of density ρ c , initially contained in a cylinder of height h 0 and radius r 0 , is instantaneously released into the ambient fluid, generating a radially spreading rotating gravity current.
We use a cylindrical coordinate system rotating with angular velocity Ω about the vertical axis z with a gravitational acceleration of −gẑ. The velocity vector is denoted by v = ur + vθ + wẑ in terms of the unit vectorsr,θ,ẑ in the radial, azimuthal and axial directions respectively. The angular velocity in the rotating system is denoted by Ω = v/r. The driving force is the reduced gravity defined by
(1.1) where = (ρ c − ρ a )/ρ a .
(1.2) We are concerned with predicting the behaviour of the current after release, in particular the radius of propagation, r N (t), the shape of the interface separating heavy and ambient fluid, h(r, t) , and the profiles of the radial and angular velocity. To facilitate the theoretical description we assume that the flow is axially symmetric, incompressible and laminar. We concentrate on situations in which the rotational effects are initially small (the ratio of Coriolis to inertia terms, represented by the parameterC defined below, is small); in the opposite case very little propagation occurs and no proper current actually appears. Viscous effects, represented by the inverse of the Reynolds number defined below, are similarly small.
The investigated configuration contains several special features. First, we emphasize that the axisymmetric current, even without rotation, is more complicated and less understood than its rectangular (usually assumed two-dimensional) equivalent. Second, in a rotating system the counter-intuitive Coriolis-centrifugal forces affect the flow and hinder the propagation. This produces some features without counterpart in non-rotating circumstances, such as the existence of a maximum radius, inverse motion, and (quasi-) steady-state lens structures. These features are not as yet well understood or even documented. The objective of this work is to elucidate these issues by using both large-scale experimental and numerical methods.
1.1. The shallow-water (SW) inviscid formulation Previous investigations of this problem based on the shallow-water inviscid approximation have proved to be extremely versatile in the analysis of gravity currents in various circumstances. A brief review for the present case, following that formulated for rotating, axisymmetric currents by UH, is as follows.
The following main simplifications are introduced. A sharp interface is assumed to divide the current of fixed volume and constant density ρ c and the ambient fluid of constant density ρ a . The current domain, 0 6 r 6 r N , 0 6 z 6 h(r, t), is assumed 'shallow' (i.e. the ratio of radial to vertical scales r N /h 1), and the flow inside is typified by a large Reynolds (also Grashof) number as defined below and amenable to the Boussinesq approximation (i.e. 1). Consistent with these simplifications, in the one-layer version used here it is further assumed that the ambient fluid is relatively very deep, within which u = v = w = 0, and hence the pressure P is hydrostatic and expressed as
for some constant P 0 . In the dense fluid domain, the vertical force balance is also (almost) hydrostatic, and hence the pressure continuity with (1.3) on the interface defines the connection between P and h:
We now take the z-average of the continuity, radial and azimuthal momentum equations, see (3.2)-(3.3), and eliminate the pressure using (1.4). Letting U, V be the z-averaged representative velocity variables, which are functions of r and t, we obtain the approximate dimensionless governing hyperbolic system given by: the equation of continuity, ∂h ∂t
the equation of radial momentum, 6) and the equation of azimuthal momentum
for the variables of h (height) and U, V (z-averaged velocities) in the current domain. The convenient scaling used for these equations, as discussed by Ungarish & Huppert (1999) , is to non-dimensionalize r with r 0 , z with h 0 , time with r 0 /(g h 0 ) 1/2 , U with (h 0 g ) 1/2 and V with Ωr 0 . In this case the dimensionless parameters that enter the problem areC
which expresses the ratio of Coriolis to inertia effects (the inverse of a Rossby number), and the ratio of the ambient depth, H, to the initial height of the dense fluid, h 0 . The viscous terms have been neglected, and therefore the initial representative Reynolds number,
9) where ν is the kinematic viscosity of the dense fluid, is assumed to be very large and hence does not appear in this formulation. The initial conditions are simply
and H given (t = 0).
(1.10)
Boundary conditions for the velocities are necessary at r = 0 and r = r N (t). At the former position U = V = 0. Potential vorticity conservation provides, at r = r N , 11) where ω = V/r. In addition, to close the formulation, the semi-empirical Froude condition for U at the nose (whose position is indicated by the subscript N) must be introduced. The works of Benjamin (1968) , Huppert & Simpson (1980) , Härtel, Meiburg & Necker (2000) and others indicate that, in our non-dimensional form, at the 'nose' of a rectangular current the velocity of propagation is related to the height by 12) where the Froude number Fr is given approximately by (Huppert & Simpson 1980 )
(0.075 6 h N /H 6 1).
(1.13)
A straightforward extension is to use (1.13) for the axisymmetric current. Moreover, UH argued that (1.13) is also valid in a rotating frame (forC 1 at least). The use of this Froude condition conveniently closes the SW inviscid single-layer formulation, but it must be emphasized that there is no clear-cut justification for this step. One of the objectives of the present investigation is the verification of this postulate.
The solution of the time-dependent SW equations is in general obtained numerically (by a finite-difference Lax-Wendroff scheme or similar methods). For a quick analysis, some approximate solutions by asymptotic expansions for small values ofC, and by 'box-model' (momentum-integral methods) are also available; details are given in UH, Ungarish & Huppert (1999) , Hogg, Ungarish & Huppert (2001) and others.
For the rotating case (C > 0) the foregoing SW equations admit a non-trivial steady-state solution: the dense fluid has a steady-lens shape, with no internal radial motion (U = 0), and the external pressure forcing is balanced by centrifugal-Coriolis internal accelerations sustained by a retrograde azimuthal motion. The steady-lens structures have been analysed by Flierl (1979) , Csanady (1979) , Griffiths & Linden (1981) , Choboter & Swaters (2000) and others referenced therein, mostly with regard to their stability. The pertinent (approximate) results can be simply expressed as
forC 1, and
forC 1, where y = r/r N (0 6 y 6 1). Recall that r N , h and ω are scaled with the initial radius, initial height and angular velocity of the system, respectively. The dimensional length r 0 /(2C) is defined as the Rossby radius of deformation. In the large-C (small Rossby number) case this is indeed the deformation of the lens with respect to the initial radius, and is relatively small. On the other hand, in the case of smallC the deformation of the steady lens with respect to the initial radius is large, but still much smaller than the Rossby radius of deformation.
The SW results indicate remarkable differences between non-rotating and rotating gravity currents even for 'weak' rotation (smallC). A non-rotating inviscid current quickly acquires a nose-up tail-down shape and spreads to infinity. In the rotating case (with smallC) the propagation starts as in the non-rotating counterpart, but after about one tenth of a revolution of the system the nose is pushed down by Coriolis effects, and the dense-fluid domain tends towards a lens shape. A maximum radius of propagation, r max , is reached in less than one half-revolution of the system. The angular velocity lag in the current is large (ω is close to −1). However, the connection between the propagating current and the steady lens result is not evident; the maximal radius exceeds by about 35% the steady lens radius, after which the available SW formulation becomes unreliable. We note in passing that the 'box model' estimate (Ungarish & Huppert 1999) of the maximum radius is given by
The SW analysis has several advantageous features: the computations are relatively easy, some analytical investigations are possible, and it admits extensions to various circumstances, such as to a permeable lower boundary. Most important, the predictions of r N (t) turn out to be in fair agreement with experiments. On the other hand, this formulation (in its present form, at least) also contains some intrinsic deficiencies: the accuracy of the approximations is not clearly known, the 'nose condition' requires verification, and only idealized initial conditions can be considered. Perhaps the most important limitation is the fact that many details of the flow field cannot be captured by this simplified model. Some of the neglected effects (the Ekman layers, the reverse flow, the friction at the interface between the current and the ambient) are expected to become important at certain stages.
Experimental investigations of this problem are also scarce. The flow in the nonrotating axisymmetric case can be conveniently visualized in a wedge-shaped container (Simpson 1997; Huq 1996) . The influence of the friction on the sidewalls in such configurations is, however, not well understood. For example, in Huq's experiments the initial speed of propagation was substantially larger than the theoretical predictions for a truly axisymmetric case, and the reason for the discrepancy is not known. On the other hand, experiments in a rotating frame must be performed in cylindrical tanks and direct observation of the (r, z)-plane is difficult. UH performed some rotating experiments in a tank of 90 cm diameter containing fresh water, with an inner cylinder (lock) of 9.4 cm diameter initially containing saltwater to a height of 15 cm. Typical values of g and Ω were 50 cm s −2 and 0.3 s −1 respectively. The measured values of r N (t) were in fair agreement with the SW theory, but many details could not be observed in this geometry. In particular, the thickness of the current decreased quickly (≈ 5 s) to about 1 cm, which both hindered observation and invoked viscous influence from the Ekman layers which were of similar thickness.
A solid body of experimental data and more sophisticated theoretical formulations are needed, and so the objective of the present investigation is to throw more light on the problem by analysing data from large-scale experiments in conjunction with evaluating numerical solutions of the 'full' equations of motion. Such numerical solutions have been attempted for gravity currents, e.g. by Wang (1985) and recently by Härtel et al. (1999) -but in very different geometries and parameter ranges; to our best knowledge, no such attempt has been made for the present problem. Comparisons of the present results with predictions of the SW approximations are also performed and discussed.
The paper is organized as follows. The new experiments and a discussion of the results are presented in § 2. In § 3 the finite-difference code is described and some results, closely connected with the experimental data, are presented and discussed. Some concluding remarks are given in § 4.
Experiments
2.1. Experimental set-up and procedure The experiments were conducted in the Coriolis laboratory at the Laboratoire des Ecoulements Géophysiques et Industriales, Grenoble. The Coriolis turntable is a 14 m diameter circular platform capable of rotating about a vertical axis with a period of between 18 and 1000 s, with an accuracy of the rotation rate dΩ/Ω of 10 −4 . The table is equipped with a 13.0 m diameter, 1.2 m deep circular tank, which may be filled with freshwater or brine supplied from large mixing tanks.
All the experiments reported here involved lock-release gravity currents in which fixed volumes of dense saltwater, initially held behind a central 1 m high cylindrical lock of radius 1 m, were allowed to intrude into freshwater surroundings following the rapid vertical removal of the lock. A sketch of the experimental configuration is presented in figure 2. The lock was specially designed and constructed for these experiments from a cylinder of lightweight plastic strengthened by four horizontal steel hoops. The lock could be raised and lowered by means of a pulley system connecting the uppermost hoop to a manually operated winding spool by four steel cables. In order to prevent tilting or lateral motion, the lift was guided by four thin vertical rods fixed 90
• apart on the floor of the tank, and positioned in contact with sliding runners secured to the inner wall of the lock cylinder. The basal edge of the lock was seated on a 1 cm thick foam sealing ring on the tank floor.
The experimental procedure began by filling the entire tank with fresh water to the desired depth. A vernier screw guage mounted on the perimeter wall allowed the height of the free surface at the wall H w to be measured to within ±0.5 mm. Once the lock cylinder had been lowered and sealed on the tank floor, a known volume of red-dyed saltwater was then slowly fed into the base of the lock beneath a circular plate fixed 1 cm above the floor, designed to minimize mixing with ambient fluid upon entry. A sharp, stable interface separating the incoming saltwater from the overlying fresh ambient inside the lock was thus formed, which slowly rose as the filling proceded until the desired height was reached. The ambient fluid displaced during the filling of the lock escaped through a number of 1 cm diameter holes arranged around the perimeter of the lock wall at the height of the free surface. On completion of the filling, the final height, h 0 , of the saltwater interface was read off a graduated scale on the central column at a radius of r i = 21 cm, and the densities of both the saltwater and ambient freshwater were measured by hydrometers accurate to within ±0.0001 g cm −3 . Each experiment was started by rapid vertical lifting of the lock cylinder. The vertical travel required was achieved after approximately 2.5 manual revolutions of the crank handle, which could be smoothly and reproducibly completed within about 6 s. In practice, the base of the lock was raised to a height 1 cm below the free surface, since complete clearance would have generated unwanted surface disturbances. Upon release, the ensuing gravity current was observed to spread radially across the floor of the tank. The flow was recorded by two overhead video cameras covering diametrically opposite sectors of angular width π/4 marked on the tank floor. Each sector was Table 1 . Initial conditions of the axisymmetric lock-release gravity currents in (a) non-rotating and (b) rotating systems. In all cases r 0 = 100 cm. Also shown are the experimentally determined values of the maximum radius attained by the first radially propagating front and the frequency of the subsequent fronts for the rotating currents, ω p .C and Re 0 are defined by (1.8) and (1.9). marked with concentric arcs with radial spacings of 50 cm, in addition to 10 cm graduations along three radial lines (see figure 2). The rates of radial propagation of the currents were measured by subsequent analysis of the video recordings to determine the average time of arrival of the current front at fixed distances along all six radial lines. A third video camera was mounted on the perimeter wall of the tank above a submerged 45
• mirror to record a vertical profile of the current along a radius. This view was illuminated by a vertical laser sheet in the plane of three vertical scale bars at fixed radii of 200, 250 300 cm, and relied on either red dye or fluorescein to delimit the current profile.
A total of 17 experiments were conducted, exploring various combinations of initial conditions of the relevant parameters, namely the rate of rotation Ω, the ambient depth H, the initial height of the current h 0 (and hence V 0 = πh 0 (r 2 0 − r 2 i ), where r 0 , the radius of the lock, and r i , the radius of the central column, were always fixed at 100 cm and 21 cm respectively), and the reduced gravity g = g(ρ c − ρ a )/ρ a . A full listing of the initial experimental conditions is given in table 1. Four experiments (prefixed by the letter S) were performed with no rotation. The remaining thirteen experiments (prefixed by the letter R) were conducted with rotation rates varying between 0.05 and 0.15 s −1 . The viscous effects were expected to be small. The initial Reynolds number in all experiments was typically 10 5 . Continuity indicates that h decays like r −2 N and therefore the effective Reynolds number, which is proportional to h 3/2 , see (1.9), is expected to decrease like r −3 N . According to this estimate, the Reynolds number decays to about 360 when the current reaches r N = 6.5 (the dimensionless outer radius of the tank). The accompanying Ekman number, ν/(Ωh 2 ), which expresses the ratio of viscous to Coriolis forces in the rotating current, varied typically from 10 −4 at release to 10 −2 at maximal propagation. (The Ekman boundary-layer length scale (ν/Ω) 1/2 was 0.45 cm in the cases with the slowest rate of rotation.) 2.2. Results for non-rotating currents A sketch of the initial configuration is shown in figure 3 . Each release generated an almost perfectly axisymmetric density current which spread radially across the floor of the tank. In profile, the current adopted the characteristic shape of a raised, bulbous head advancing in front of a much thinner tail region. In all the runs reported here, the flows reached the perimeter wall, whereupon they were reflected and observed to propagate back towards the centre of the tank. The position of the front of the current r N as a function of time t for all four non-rotating currents prior to reflection off the perimeter wall is plotted in figure 4(a) . The data show a decrease in the velocity of the front with increasing radius (or time), and agree very well with the solutions of the SW model approximation (plotted as solid curves in figure 4a ). For experiments S1 and S2 the discrepancy is within the range of the experimental errors. For S3 and S7 the SW propagation rate is systematically faster than the experimental value. This discrepancy can be attributed to the delay introduced by the manual lifting of the lock cylinder, which is not incorporated in the theory. For S1 and S2 the typical velocities of propagation are smaller than those of S3 and S7, and consequently the former are less influenced by the lock removal than the latter.
With the compensation for the lock removal effect in mind, we infer that the SW theory provides a very good prediction of r N (t) for an instantaneous release of an axisymmetric current in the parameter range tested by the experiments. This conclusion strongly validates the use of the nose condition (1.12)-(1.13) for axisymmetric currents. It is remarkable that the SW model used here is of a single-layer type, and information about the finite depth of the ambient layer is entirely contained in the value of H/h N which enters the correlation (1.13).
The most simple theoretical treatment of non-rotating axisymmetric gravity currents is the so-called 'box-model' approach developed by Huppert & Simpson (1980) , in which the current is assumed to spread as a series of equal-volume cylinders, and for the Fr = 1.19 case leads to an expression for the radial propagation as a function of time given by r = 1.16
(2.17) Dimensional analysis suggests defining suitable scaling parameters for r and t as r * = V 1/3 0 and t * = (g 3 /V 0 ) −1/6 respectively, in which case the dimensionless form of (2.17) can be written as R = 1.16T 1/2 , (2.18) where R = r/r * and T = t/t * . The scaled experimental data and theoretical curve given by (2.18) are plotted in figure 4(b), which shows a satisfactory collapse of the data beyond the slumping distance of between 3 and 4 lock radii, as explained by Huppert & Simpson (1980) , and Hallworth et al. (1996) .
Rotating currents
A sketch of the initial configuration is shown in figure 3 . For each experiment, all the contained fluid was in solid body rotation prior to release of the gravity current, which was achieved by spinning up the system for about three hours before each run (the typical spin-up time scale, H/(νΩ) 1/2 , was less than 50 min). The rotation caused a small parabolic bending of the free surface. The value of H given in table 1, which we consider as the representative height of the free surface, is the initial height at the radius of the lock calculated by 19) where H w was the experimentally measured free surface height at r w = 650 cm. Upon release from the lock, the initial behaviour of the rotating currents was very similar to that in a non-rotating system, with a decelerating front spreading radially across the floor of the tank. Beyond a certain radius, however, the deceleration became noticeably more pronounced than for the equivalent non-rotating currents. Overall, the propagation appeared nicely axisymmetric. Locally, however, the leading edge figure 5 , accompanied, again, by the SW model results. A noticeable effect is that, as opposed to the non-rotating cases, none of the rotating currents reached the outer wall of the tank. Evidently, at a certain radius defined here as r max , the forward motion at the front ceased, at which point the height of the current was extremely thin. The SW model predictions of r N (t) are in fair agreement with the experimental points until the maximum radius is attained (at Ωt ≈ 2 according to the SW model). Afterwards, the SW theory predicts a contraction.
Remarkably, for a period several seconds prior to the arrest of the initial leading edge, a reverse flow in the ensuing tail was evident, and the bulk volume of the current contracted and increased in thickness back towards the centre of the tank. Thereafter, this newly accumulated central body of fluid relaxed and generated a second outwardly propagating pulse of fluid with a clearly defined leading edge that reached and slighly exceeded the previous arrest radius at r max . This behaviour was repeated several times, and at least five disrete contractions followed by outward pulses were observed in each experiment. The radius of the initial front, and the leading edge of subsequent pulses is plotted as a function of time in figure 6 . Analyses of these plots enables a mean pulse period T p to be determined for each experiment, defined as the averaged time interval between the arrival of successive fronts at any given radius. The pulse frequency ω p is then defined as
The experimentally measured values of r max and ω p are presented in table 1. In figure 7 , the measured pulse frequency is plotted against the rotation rate for each run. A linear relationship is observed of the form
with the best-fit straight line through the data yielding a value of c = 2.10. It is also evident that this relationship appears to be completely independent of the initial values of h 0 and g . The conclusion is that these pulses are a manifestation of the inertial oscillations in rotating fluids, whose inviscid frequency is 2Ω. Holford (1994) performed experiments on the process of lock-release formation of a steady lens for largeC, see (1.15), and recorded oscillations of the interface of frequency 1.9Ω and of relatively small amplitude. In contrast, the amplitude here is large, about one half the maximal radius. However, the more precise nature of these pulses could not be well understood from the experimental observation. The full numerical solution discussed below suggests that after the contraction of the current, a ring of fluid separates from the bulk, forms a new head, and propagates again. This may be a manifestation of the wave breaking, suggested by Killworth (1992) as an essential mechanism for energy reduction between the initial state and the final steady lens -but this topic was not pursued here.
3. Navier-Stokes numerical simulations 3.1. Formulation We use the rotating coordinate system defined in § 1, and introduce the density function φ(r, t) by ρ(r, t) = ρ a [1 + φ(r, t)], (3.1) where is the reduced density difference defined by (1.2). We expect 0 6 φ 6 1, with φ = 1 in the 'pure' dense fluid domain and φ = 0 in the 'pure' ambient fluid domain.
We employ the following dimensionless balance equations:
where p is the reduced pressure (in dimensional form, p = P − ρ a (0.5Ω 2 r 2 − gz)); (iii) density transport ∂φ ∂t
The relevant dimensionless parameters, in addition to , are the Reynolds number, Re = UL/ν; (3.5) the Coriolis to inertia ratio parameter C = ΩL/U; (3.6) the global Froude number squared
and the dimensionless diffusion coefficient D = 1/P e = 1/(σRe) where P e and σ are the Péclet and Schmidt numbers and g is the reduced gravity defined by (1.1). Here L and U are the scaling length and velocity. Unless specified to the contrary, we employ L = r 0 (the dimensional radius of the lock) and U = (g r 0 ) 1/2 and hence F = 1. The scale for time is L/U.
We are interested in flows with large values of Re, moderately small C, small and very small D. Actually, the typical physical value of D is negligibly small (recall that σ 1 for saline solutions in water) , but here a non-vanishing D is used as an artificial diffusion coefficient for numerical smoothing of the large density gradients of the moving interface.
The Ekman number can be defined in terms of the previous parameters by
and is a small number. In the considered axially symmetric, lock-release problem in a bounded tank open to the atmosphere, three geometric parameters (in addition to r 0 which is the reference length) appear: the height of the lock, h 0 ; the height of the ambient fluid, H; and the outer radius of the container, r w .
The initial conditions at t = 0 are v = 0 (0 6 r 6 r w , 0 6 z 6 H), (3.9) φ = 1 (0 6 r 6 1, 0 6 z 6 h 0 ) 0 elsewhere. (3.10)
The boundary conditions for t > 0 are v = 0 (on the bottom and sidewalls); (3.11) v ·ẑ = 0, no tangential stress, p = 0 (on z = H); (3.12) no stress (on the axis r = 0); (3.13) andn · ∇φ = 0 (on all boundaries). (3.14) These conditions contain some simplifications. The initial interfaces (between the ambient and dense fluids and also the free surface) deviate from the horizontal by an amount 0.5 C 2 r 2 , cf. (2.19). The free surface may have an additional height perturbation of magnitude during the flow. Neglecting these deviations from the horizontal is justified for the small values of and C 2 used in the calculations. In addition, we assume that the lock is removed instantaneously and without any perturbation to the fluid. (In experiments the lock lifting takes typically about one dimensionless time unit and introduces a small delay in the initial motion.)
We note in passing the fact that the SW model can be regarded as a solution of the foregoing equations with = Re −1 = D = H −1 = 0, and under the assumption that v = 0 and φ = 0 outside the domain 0 6 r 6 r N , 0 6 z 6 h(r, t), while inside this domain φ = 1 and [u, v] = [U(r, t), V(r, t)], and the left-hand side of the axial momentum equation is negligibly small. The scaling here is, for numerical convenience, slightly different from the more insightful one which was used for the SW formulation in § 1.1, and in particular Re = (r 0 /h 0 ) 3/2 Re 0 and C = (h 0 /r 0 ) 1/2C .
3.2. The finite-difference code Consider the time advance of a flow field variable denoted by f at time t to the new value denoted f + at time t + δt. We use a forward-time, finite-difference technique. One time step for the momentum equation (3.3) with the Coriolis and pressure terms treated implicitly and other terms treated explicitly yields
where
With some simple vector algebra manipulations (as discussed in detail by Ungarish 1993, p. 303), we obtain from (3.15) an explicit expression for v + ,
We next apply the divergence operator to both sides of this expression and impose the continuity equation (3.2) on v + . The result is an elliptic equation for the pressure p + at t + δt,
(Theoretically the last term on the left is zero, but to prevent accumulation of numerical errors it is sometimes useful to keep it in the calculations.) The boundary conditions for (3.18) are of mixed type: p = 0 on the free surface z = H, ∂p/∂r = 0 at r = 0, andn · ∇p + provided by the substitution of (3.11) into (3.15). Hence the solution p + is well defined. Using it, we can straightforwardly obtain the velocity field v + from (3.17). The φ + field can be calculated next using the scalar equation (3.4). This completes, in principle, the time step advance, and a new cycle can be attempted. The accuracy of the time discretization is O(δt 2 ). The spatial discretization is performed on a staggered grid with il radial intervals and jl axial intervals as sketched in figure 8 . The variables p and φ are defined at mid-cell position denoted (i, j); u and v are both defined at the positions (i ± 1 2 , j) (to allow straightforward implementation of the Coriolis coupling) and w is defined at (i, j ± )δZ are uniform in the domain (0 6 R 6 r w , 0 6 Z 6 H) with intervals δR = r w /il, and δZ = H/jl. The truncation error is O(δR 2 + δZ 2 ). Dummy cells are added for easy implementation of the boundary conditions. An illustration of the finite-difference approximation approach is 1 r
and r i is the derivative of r(R) at R i (substituting i − 1 in place of i yields Y i−1/2,j ). This method of central differences was employed for all terms, except for the advection terms in the φ transport equation (3.4). For this equation, according to MacCormack's explicit method, we used at each time step the predictor-corrector relationships
where Adv f and Adv b denote the advection terms as approximated by forward and backward differencing, and Dif denotes the diffusion terms approximated by central differences.
The combination of the foregoing time and space discretizations is the core of the computer code used in this work. For each time step the discretized form of the Poisson equation (3.18) for the discretized variables p + i,j , 1 6 i 6 il, 1 6 j 6 jl, must be solved. This yields, after the implementation of the boundary conditions, a block tri-diagonal linear system. † The matrix corresponding directly to (3.18) is non-symmetric, but upon multiplication of each of the discretized equations for point † The straightforward numerical implementation of the previously defined 'open boundary' condition introduces an O(1/Re) inconsistency in the continuity equation on the interface; however, since the velocities there are very small, the influence of this numerical error on the motion of the current is insignificant. This has been numerically verified by tests with a rigid inviscid lid condition (and p = 0 applied at some computational point instead of on the interface).
(i, j) by r i r i z j a symmetric system can be obtained (in our computation there was no noticeable difference between the performances of these versions). The linear system was solved by a bi-conjugate gradient iterative algorithm (Press et al. 1992) . The iterations in the first time step start with 0, and subsequently the p i,j field provides the starting values for p + i,j . Some test cases were also run with a direct solver for the block tri-diagonal system. The computations use real-8 variables. The typical grid has il = 175 constant radial intervals and jl = 240 stretched axial intervals, with z 1 ≈ 0.7 and z jl ≈ 1.4; this was motivated by a compromise between computational limitations and physical considerations, as discussed further below. The typical time step was δt = 10 −3 . In several test cases the grid size was changed and the time step was halved, without causing any significant differences in the results. The diffusion coefficient in the density transport equation was usually taken as D = 0.3δR 2 and D = 0.3δZ 2 for the radial and axial fluxes, respectively, and hence this artificially augmented effect is expected to be of the order of magnitude of the numerical truncation error in the physical advection term.
The bi-conjugate gradient method performed typically 200 iterations per time step to reach the allowed error e = 10 −4 , where e is the Euclidean seminorm of the residues divided by the seminorm of the right-hand side of the system of equations. The typical average relative error, e/(il × jl), in the solution of p + i,j is therefore less than 10 −8 . The choice of the numerical grid parameters was motivated by a compromise between physical accuracy considerations, see below, and computational limitations. Essentially, the mesh intervals are considerably smaller than the expected typical corresponding geometrical dimensions of the simulated current, such as the length of the 'head', the average thickness, and even the Ekman layer thickness (estimated as 3E 1/2 ). Nominally, the magnitude of the spatial errors δR 2 + δZ 2 is less than 0.2%, and of the accumulated time-stepping errors Nδt 2 (where N is the number of time steps) is also typically less than 0.2%; the value of δR 4 + δZ 4 which typifies the smoothing dissipation terms (see below) is about 10 −6 , smaller than 1/Re. We therefore expect that the numerical results provide an acceptable simulation of an observable gravity-current process, at least during the initial period. Eventually, when the current becomes thin (say, about 10 axial intervals) and the interface very irregular, the numerical errors may become significant and even dominant.
In some cases we also encountered a practical numerical restriction on the time interval, t, for which results could be obtained which is due, apparently, to a nonlinear instability which appears after some development of the flow. Typically -but not always -for t ≈ 5, some spurious oscillations appeared, the linear system for p i,j became almost singular and it was necessary to stop the computation. The addition of small O(δr 4 + δz 4 ) fourth-order derivative dissipation terms in the momentum equations improved the stability. However, as the major remedy we used an artificial higher value of viscosity, simply by the artificial reduction of the Reynolds number, typically by a factor of ten (which still leaves the Reynolds number large so that the essentials of the flow field are well reproduced).
The numerical code has also been tested on several other problems. Computations of spin-up (differential and from rest) of homogeneous, two-layer, and stratified fluids yielded good agreement with independent theoretical and experimental results. Simulations of gravity currents in a rectangular (two-dimensional) geometry showed good agreement with SW approximations. These results will be reported elsewhere.
The task discussed here was to simulate the rotating current for the time interval t ≈ 2C −1 (in dimensional form, Ωt ≈ 2), during which the most significant effects of propagation and attainment of maximal spread are expected to take place. Table 2 . Data of configurations in the numerical simulations. For S3, R5 and VIR-1 the value of Re was reduced by a factor of 10. Table 2 summarizes the configurations for which numerical simulations were carried out. These configurations were motivated by the measurements performed at the Coriolis laboratory and the labels refer to the corresponding experiments discussed in the previous sections. VIR-1 is an exception, a 'virtual experiment' with a value of Ω larger than allowed on the present turntable; this case with large C has been added as a contrast to the other runs with small C, as an additional test of the predictive power of the numerical code and the SW approximation.
Results of Navier-Stokes numerical simulations (NS)
Consider in detail the configurations labelled R5 and S3 in table 2. The difference between the cases is the presence of rotation in the case R5. The reference time, (r 0 /g ) 1/2 , is 2.3 s and the period of revolution in R5 is 62.8 s. Note that the initial fractional depth h 0 /H = 0.57 in both cases.
The numerical grid had typically 175×240 intervals. In dimensional form, the radial grid intervals were of uniform size δr = 3.7 cm, judged as acceptable because the typical length of the observed 'head' was about 20 cm, and the estimated experimental error of its position is estimated as about 3-5 cm (the tank floor marks were at 10 cm intervals, see figure 2 ). The dimensional axial grid intervals changed from δz = 0.26 cm near the bottom to δz = 0.47 cm near the top free boundary; this is expected to provide a fair description of the thinning current during a considerable spread (the average thickness is about 4 cm when the container middle radius 3.25 m is reached at t ∼ 20 s) and of the Ekman layer (whose thickness for water with Ω = 0.1 s −1 is approximately 1 cm). The run with the correct Re diverged at about t = 18 s, and with a 10 times larger artificial viscosity t = 40 s was reached. Figure 9 displays contour plots of the numerically computed density function, φ, for two representative gravity currents, the non-rotating S3 and the rotating R5 cases. Also shown are the SW results for the interface h(r) (in the rotating case this approximation can be used for a limited time interval, until the height of the nose decays to zero). Figure 10 displays the behaviour of the radius of propagation, r N (t) obtained by the SW approximation, NS and experiments for these cases.
It is evident that the numerical code captures well the propagation of the current and the differences between the rotating and the non-rotating cases.
The numerical results point out the very complicated shape of the interface of the current, which is very different from the usually smooth h(r, t) provided by the SW approximation. In the rotating case after t = 14 s (Ωt = 1.4) while the head spreads and becomes less and less prominent, a complex re-arrangement of the fluid in the tail occurs, which includes contraction toward the centre (t = 28 s) followed by a forward pulse.
The rotating current evidently reaches a maximum radius of propagation at t ≈ 28 s (Ωt = 2.8, about 0.45 revolutions of the system). Afterwards, the position of r N (t) is not well defined because there is no clear 'head'. For instance, at t = 32 s the bulk of the heavy fluid is in the domain 0 < r < 2.6 m, but there is also a very thin residual layer extending up to r = 3.4 m. The interpretation of this layer is not clear. It may be just a numerical artifact due to lack of resolution, but it may also indicate (although with very low accuracy) the physical tendency of a thin viscous layer to stick to the wall. We note in this context that a quite similar qualitative behaviour was observed in the experiments: after the front of the dyed fluid reaches a clear maximum, its position becomes eventually more ambiguous and the bulk of fluid apparently contracts to a smaller radius, leaving behind a residue of faint colour (probably a thin layer).
In the numerical computations of R5 a new 'head' of fluid separated from the bulk and started to propagate freely at t = 37 s (not shown). We tend to identify the propagation of this new head with the first of the outwardly propagating pulses, with a clearly defined leading edge, observed in the experiment. Indeed, in the experiment such a pulse has been detected at t ≈ 45 s at r ≈ 300 cm.
Comparison between S3 and R5 at t = 23 s shows clearly that in the non-rotating case, unlike the rotating one, the head region becomes the most prominent feature of the current; obviously, the distance of propagation is also larger. This is in good qualitative agreement with the SW approximation which predicts that the Coriolis effects modify the profile from 'nose up' to a 'nose down' shape after about the first tenth of a revolution. Figure 11 shows the vector plot of the velocity in the (r, z)-plane for R5. Evidently, at t = 18 s the motion in the main bulk of the current, r < 2.7 m, is toward the centre. The head region displays a more complex rolling motion in the counter-clockwise direction. No such motion appears in the non-rotating current.
Consider next the angular velocity field of R5, figure 12 . The measurement of angular velocity inside the propagating current is an extremely difficult task and has never been performed in laboratory experiments, to our best knowledge. The numerical experiments, on the other hand, provide this information as a standard part of the solution. We observe that the dense-fluid current has a very distinct 'signature' as a region of strong counter-rotation (relative to the rotating system). This, again, is in good qualitative agreement with the SW z-averaged approximation, but the NS provide, as expected, more details.
A comparison between results with the present artificial value of Re and with the correct value (ten times smaller) was also performed for t < 15 s. We found that the larger artificial viscosity causes a reduction in the distance of propagation r N (t), as could be expected, but actually the difference is very small. The other details of the flow field are also very close. The r N (t) predicted by the inviscid, SW equations is in excellent agreement with the calculations with the original Re. The experimental r N lags behind the theoretically determined results for t < 15 s, an effect which we attribute to the non-ideal lifting of the lock.
We think that the various behaviours and effects of the computed flow fields R5 and S3, as well as the agreements with the experiments and SW results, provide a good validation of our numerical approach. The blurred and even patchy profiles obtained in the NS, which are very different from the sharp SW predictions, may raise doubts about the reliability of the numerical solution. However, we think that this shape indeed reflects the non-smooth behaviour of a real gravity current. This is illustrated by the experiment R14, in which we used fluorescein and a laser sheet to visualise the (r, z) shape. Some video records are shown in figure 13 and compared with numerical results. The impression is that not only the position of the front, but also the shape of the head are in fair agreement. In particular, we notice that both the experiment and the computations show that the maximum height of the head increased by about 5 cm from t = 10 s to 16 s. A detailed comparison is not possible because we have no measurements of the concentration of salt and fluorescein.
Additional results of interest are obtained from the simulation corresponding to the experiment R16 in table 2, see figures 14 and 15. In this case the current is initially 'deep', h 0 /H = 0.2, in contrast with the previously discussed cases, S3 and R5, where this ratio was 0.57. The shallower current R16 is expected to be slower than R5. Furthermore, the parameterC of R16 is larger than the one of R5 and hence a stronger Coriolis hindering on R16 is also expected. The reference time, (r 0 /g ) 1/2 , is 2.04 s and the period of revolution is 81 s.
We observe excellent agreement between the experimental and numerical results for r N (t) up to t ≈ 25 s. (At this time the maximal expansion is achieved according to both the SW and NS results.) The SW predicts a more rapid motion than the NS. These trends are different from those observed in other cases, namely that there is a good agreement between the SW and NS, and both are more rapid than the experiment. The explanation is as follows. Since h 0 in the present case is small the current is little affected by the lock removal delay, and is therefore more compatible with the ideal lock removal in the NS. This justifies the better than usual agreement between NS and experimental values of r N (t). On the other hand, this configuration is more affected by Coriolis effects and viscous friction than usual, becauseC 2 = 0.15, not so small, and the current is thin and hence more influenced by the Ekman layers (when the current is expanded to 250 cm its average thickness is 2.7 cm, while 3(ν/Ω) 1/2 = 1.1 cm). This explains the faster motion of the SW approximation, in which the nose Froude condition does not take into account Coriolis hindering (UH estimated this contribution as O(C 2 )) and viscous effects are also discarded. Indeed, we found that at t = 22 s the computed current displays a coherent negative ω = v/r profile, but at t = 33 s much of the azimuthal lag has dissipated.
We observe again that when the current is close to the maximum radius of propagation (t = 20 s) the nose region detaches from the body of the current. The latter remains roughly in the domain 0 6 r 6 250 cm where, again, some contractionexpansion pulses appear. The second maximum of propagation is attained about 37 s after the first one, which suggests that the frequency of this occurrence is 0.17 s −1 ≈ 2.2Ω, in agreement with the experimental observations. Another feature of interest is the somewhat more compact structure of the interface in R16. Observations on non-rotating currents indicate that a 'multiple-front' structure appears when the initial depth ratio h 0 /H is greater than 0.5 (approximately), as in cases S3 and R5, and a 'single-front' structure appears otherwise, as in case R16. This influence of h 0 /H seems to apply also to the rotating current, which suggest that this structure of the interface is determined by the early stage of propagation, when the Coriolis effects are still unimportant. This topic will be investigated elsewhere.
Finally, we consider the simulation labelled VIR-1 for the case with a large value of the Coriolis influence parameter,C = 2 (a small Rossby number). We use the same geometry and fluids as in R5, but with a much larger angular velocity. (This brings us to the parameter range investigated by Holford 1994.) Since a small amount of propagation was expected, the NS was performed with r w = 2.5. Again, artificial higher viscosity was used. Figure 16 indicates that the numerical code captures well the special features of this case: the Coriolis influence is very strong and therefore the amount of propagation of the current is small. The Rossby radius of deformation in the VIR-1 case is r 0 /2C = 0.25 cm, and the actual propagation exceeds it by about 30%. The maximum propagation is achieved at about t = 4.6 s (Ωt = 2.7), and afterwards a contractionexpansion motion of the lens-shaped bulk, with small oscillations of the interface, appears. Considering the first cycle of vertical displacement of the interface at the centre (whose amplitude is 4 cm), we estimated that the period of the oscillation is 6.9 s, i.e. the frequency is about 1.5Ω. All this numerically simulated behaviour is consistent with the experimental observations of Holford (1994, § 3.6 .2) concerning formation of lenses with largeC. The angular velocity results in the VIR-1 case indicate that significant variations from the initial solid body rotation occur only in the region of the head, as expected. However, the pattern of ω in this region is quite irregular (unlike the smooth steady-lens solution) perhaps due to the influence of the various shear mechanisms which act during the formation of the head.
The propagation of the current by more than one Rossby radius in this case is unlike the smallC case where the radius of propagation is smaller than the Rossby radius of adjustment. This is consistent with the analysis of the quasi-steady lens (UH, § 3). On the other hand, there are also similarities between the small-C case R16 and large-C case VIR-1 as follows. In both cases the maximum propagation is achieved at about Ωt = 2 (about 0.4 revolution of the system); a physical interpretation of this behaviour is given in the Appendix.
Concluding remarks
We investigated the motion of axisymmetric high-Reynolds-number gravity currents produced by the instantaneous release of a cylinder of dense fluid into a less-dense ambient fluid above a horizontal bottom. The system was considered to be at rest or rotating with constant angular velocity. The work combined experiments in a large tank (13 m diameter, with a layer of ambient water of about 80 cm, in which a cylinder of 2 m diameter of salt water was released), with theoretical simulation by: (a) a special-purpose code for finite-difference numerical solution (NS) of the full axisymmetric equations of motion, and (b) the shallow-water (SW) approximate solution developed by UH.
The analysis was focused on small values of the parameterC which represents the ratio of Coriolis to inertia terms. The results reconfirm the significant differences between rotating and non-rotating gravity currents even for small values of this parameter.
The spreading of the current as a function of time was the major experimental result. In all cases, the experimental radius-of-propagation results were in very good agreement with both the full numerical and the SW theoretical predictions for the main period of radial spread. The (rather small) discrepancies can be attributed to the non-ideal release of the dense fluid in the experiment. The conclusion is that in the SW approximation the use of the 'nose' Froude condition (1.12)-(1.13) developed for rectangular non-rotating currents is also appropriate for axisymmetric and rotating gravity currents with smallC.
Moreover, the experiments in the rotating configurations show that the flow field displays large-amplitude oscillations, with a frequency slightly larger than the inertial 2Ω. These oscillations are not captured by the available SW formulation, and, to our best knowledge, have not been reported before for flows with small values ofC.
On the other hand, the experiments pose certain technical difficulties which limit the obtainable information. The present experiments were expensive and time consuming, restricted by various geometry and angular velocity constraints, and, typically, provided little information about the shape of the interface and velocity field. These problems cannot be easily overcome, and are expected to become more acute when additional effects, such as stratification, are of interest. Therefore, in order to gain reliable information about the above-mentioned properties, it is important to supplement the laboratory experiments with 'numerical' counterparts based on the solution of the full governing equations of motion. In this respect we conclude that the present NS code indeed provides a means for useful 'numerical experiments'. We mention that a numerical computation for a large value ofC, which is beyond the practical capability of the laboratory device, was also successfully performed. However, due to computational and stability limitations, further numerical improvements and verifications are necessary for making the present numerical computations a versatile tool of simulation and a substitute for laboratory experiments. Still, we must keep in mind that an axisymmetric code imposes on the attainable results limitations which are incompatible with some of the complex features displayed by a real gravity current (such as the formation of lobes and edge instability waves).
The comparison of numerical and experimental results with shallow-water zaveraged results shows significant differences in the details of the flow field: in the numerical results there is not a smooth shape of the interface, the velocities in the current are strongly z-dependent, and there is a strong rolling motion in the head region. In these respects the numerical results seem in fair qualitative agreement with the experiments. We conclude that a great deal of information beyond SW results is needed in the analysis and design of processes in which the details of the internal flow in the current may be of importance.
The clearly detected combination of large-amplitude oscillations (with a frequency slightly larger than the inertial 2Ω) and complex internal motion (rings of fluid seem to break away from the bulk during the expansion-contraction effect) raises doubts about the convergence of the lock-released rotating gravity current to a steady-lens structure, and its stability. In other words, the steady-lens solution of the SW formulation is apparently not a regular limit of the instantaneous lock-release problem (at least when the value of the parameterC is small). This problem is left for a future study.
